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Maiej G�bala The Reonstrution of PolyominoesThe Polyomino and Orthogonal ProjetionsA one-olor onneted piture on the grid m × n.1234567891011121314151617181920

2019181716151413121110987654321
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H3.55.37.38.89.811.212.913.613.813.814.015.715.213.110.38.46.85.44.12.72.44.45.97.89.210.712.213.614.314.715.215.514.812.010.59.58.26.65.13.2The projetions are real numbers. But when polyomino isreonstruted whole ells are �lled and projetions are integers.The �lled ell is represented by 1 and not �lled by 0.SOFSEM'2001 1



Maiej G�bala The Reonstrution of PolyominoesThe De�nition of Problem
Does a polynomial time algorithm exist that takes as inputa horizontal projetion vetor H ∈ IRm

+ anda vertial projetion vetor V ∈ IRn
+,and outputs a polyomino with projetions

H∗ ∈ {1, . . . , n}m and V ∗ ∈ {1, . . . , m}nsuh that (two version of the approximation)(1) the approximation with absolute error
|hi − h∗

i | ≤ 1 |vj − v∗
j | ≤ 1.

(2) the approximation with logarithmi error
|hi −h∗

i | ≤ log(hi + 1) |vj − v∗
j | ≤ log(vj + 1).

The algorithm outputs �NO� if there does not exist a polyomino withapproximately projetions V and H.SOFSEM'2001 2



Maiej G�bala The Reonstrution of PolyominoesOur Results
The polyomino P is a hv-onvex polyomino if(h) the set P in every row of the grid is onneted, and(v) the set P in every olumn of the grid is onneted.
Theorem 1. The reonstrution of polyominoes, h-onvexpolyominoes and v-onvex polyominoes from their approximatelyorthogonal projetions is NP-omplete.
Theorem 2. The problem of reonstrution of hv-onvexpolyominoes from approximately orthogonal projetions an be solvedin O(m3n3) time.
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Maiej G�bala The Reonstrution of PolyominoesProperties of hv-Convex Polyomino
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A - upper-left orner region
(i, j) ∈ A ⇒ (i − 1, j) ∈ A ∧ (i, j − 1) ∈ A.B - upper-right orner region
(i, j) ∈ B ⇒ (i − 1, j) ∈ B ∧ (i, j + 1) ∈ B.C - lower-left orner region
(i, j) ∈ C ⇒ (i + 1, j) ∈ C ∧ (i, j − 1) ∈ C.D - lower-right orner region
(i, j) ∈ D ⇒ (i + 1, j) ∈ D ∧ (i, j + 1) ∈ D.
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Maiej G�bala The Reonstrution of PolyominoesProperties of hv-Convex Polyomino
P denotes the omplement of P .
Lemma 1. [Chrobak and Dürr℄ P is an hv-onvex polyominoif and only if

P = A ∪ B ∪ C ∪ D,where A, B, C, D are disjoint orner regions (upper-left, upper-right,lower-left and lower-right, respetively) suh that(i) (i − 1, j − 1) ∈ A implies (i, j) /∈ D, and(ii) (i − 1, j + 1) ∈ B implies (i, j) /∈ C.
Polyomino P is anhored at (p, q, r, s) i�

(1, p), (q, n), (m, r), (s, 1) ∈ P.
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Maiej G�bala The Reonstrution of PolyominoesAuxiliary Expressions
f : IR+ → IR+ - a funtion of error.Example:
f(x) = 1 - the absolute error
f(x) = log(x + 1) - the logarithmi error.

v̌j = max{1, ⌈vj − f(vj)⌉}

v̂j = min{m, ⌊vj + f(vj)⌋}

v̌j - minimal aeptable value of j-th vertial projetion.
v̂j - maximal aeptable value of j-th vertial projetion.

ȟi = max{1, ⌈hi − f(hi)⌉}

ĥi = min{n, ⌊hi + f(hi)⌋}

ȟi - minimal aeptable value of i-th horizontal projetion.
ĥi - maximal aeptable value of i-th horizontal projetion.SOFSEM'2001 6



Maiej G�bala The Reonstrution of PolyominoesThe 2SAT Formula - Properties fromLemma 1
Xi,j = 1 (true) ⇐⇒ (i, j) ∈ X

Xi,j = 0 (false) ⇐⇒ (i, j) /∈ X�Corners� (Cor)
∧

i,j















Ai,j ⇒ Ai−1,j Ai,j ⇒ Ai,j−1

Bi,j ⇒ Bi−1,j Bi,j ⇒ Bi,j+1

Ci,j ⇒ Ci+1,j Ci,j ⇒ Ci,j−1

Di,j ⇒ Di+1,j Di,j ⇒ Di,j+1













�Connetivity� (Con)
∧

i,j

{

Ai,j ⇒ Di+1,j+1 Bi,j ⇒ Ci+1,j−1

}

�Anhors� (Ancp,q,r,s)
∧



















A1,p B1,p C1,p D1,p

Aq,n Bq,n Cq,n Dq,n

Am,r Bm,r Cm,r Dm,r

As,1 Bs,1 Cs,1 Ds,1
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Maiej G�bala The Reonstrution of PolyominoesThe 2SAT Formula - Column Sums
�Lower bound on olumn sums� (LBC)

∧

i,j























Ai,j ⇒ Ci+v̌j,j

Ai,j ⇒ Di+v̌j,j

Bi,j ⇒ Ci+v̌j,j

Bi,j ⇒ Di+v̌j,j























∧
∧

j

{

C v̌j,j

Dv̌j,j

}

�Upper bound on olumn sums� (UBCp,r)
∧

i







































∧

j≤min{p,r}

Ai,j ⇒ Ci+v̂j,j

∧

p≤j≤r

Bi,j ⇒ Ci+v̂j,j

∧

r≤j≤p

Ai,j ⇒ Di+v̂j,j

∧

max{p,r}≤j

Bi,j ⇒ Di+v̂j,j





































The (LBC) assigns to olumns the minimal distane between ornerregions.The (UBCp,r) assigns to olumns the maximal distane betweenorner regions.
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Maiej G�bala The Reonstrution of PolyominoesThe 2SAT Formula - Row Sums
�Lower bound on row sums� (LBR)

∧

i,j























Ai,j ⇒ Bi,j+ȟi

Ai,j ⇒ Di,j+ȟi

Ci,j ⇒ Bi,j+ȟi

Ci,j ⇒ Di,j+ȟi























∧
∧

i

{

Bi,ȟi

Dȟi

}

�Upper bound on row sums� (UBRq,s)
∧

j







































∧

i≤min{s,q}

Ai,j ⇒ Bi,j+ĥi

∧

s≤i≤q

Ci,j ⇒ Bi,j+ĥi
∧

q≤j≤s

Ai,j ⇒ Di,j+ĥi
∧

max{s,q}≤j

Ci,j ⇒ Di,j+ĥi





































The (LBR) assigns to rows the minimal distane between ornerregions.The (UBRq,s) assigns to rows the maximal distane between ornerregions.
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Maiej G�bala The Reonstrution of PolyominoesThe Algorithm
Fp,q,r,s(H, V ) = Cor ∧ Con ∧ Ancp,q,r,s

∧ LBC ∧ UBCp,r ∧ LBR ∧ UBRq,s

All literals with indies outside the set {1, . . . , m} × {1, . . . , n}are assumed to have value 1.Input: H ∈ IRm
+ , V ∈ IRn

+FOR p, r = 1, . . . n AND q, s = 1, . . . m DOIF Fp,q,r,s(H, V ) is satis�ableTHEN RETURN P = A ∪ B ∪ C ∪ D AND HALTRETURN �NO�
Lemma 2. Fp,q,r,s(H, V ) is satis�able if and only if P is anhv-onvex polyomino with projetions (H∗, V ∗) that is anhoredat (p, q, r, s) and every omponent of (H∗, V ∗) di�ers from theorrespondent omponent of (H, V ) by at most the value of funtion
f for this omponent.SOFSEM'2001 10


