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Maiej G�bala The Reonstrution of Convex PolyominoThe Polyomino
A one-olor piture on the grid.

A matrix Am×n = [aij] represents the polyomino.
aij =

{

1 if ell [i,j℄ belongs to the polyomino,
0 otherwise.
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Maiej G�bala The Reonstrution of Convex PolyominoThe Convex Polyomino
The polyomino (represented by matrix A) is a onvexpolyomino if(p) the set of 1's in matrix A is onneted, and(h) the set of 1's in every row of A is onneted, and(v) the set of 1's in every olumn of A is onneted.
If a polyomino satis�es only one or two of above propertiesthen the problem of reonstrution is in NP.If a polyomino satis�es none or all of above properties thenthe problem of reonstrution is in P.
Universitas Wratislaviensis 2



Maiej G�bala The Reonstrution of Convex PolyominoProjetions
H is a horizontal projetion of A

H(A)(i) =
n

∑

j=1

aij i ∈ {1, . . . , m}V is a vertial projetion of A
V (A)(j) =

m
∑

i=1

aij j ∈ {1, . . . , n}

0 0 0 0 0 0 0 0 0 0 0 1 1 0 0 00 0 0 0 0 0 0 0 0 0 0 1 1 1 0 00 0 0 0 0 0 0 0 0 0 1 1 1 1 0 00 0 0 0 0 0 0 1 1 1 1 1 1 1 1 00 0 0 0 0 1 1 1 1 1 1 1 1 1 1 10 0 0 0 1 1 1 1 1 1 1 1 1 1 1 10 0 1 1 1 1 1 1 1 1 1 1 0 0 0 00 1 1 1 1 1 1 1 1 1 0 0 0 0 0 01 1 1 1 1 1 1 1 0 0 0 0 0 0 0 00 0 1 1 1 1 1 1 0 0 0 0 0 0 0 00 0 0 1 1 1 1 0 0 0 0 0 0 0 0 00 0 0 0 0 1 1 0 0 0 0 0 0 0 0 01 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16
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Maiej G�bala The Reonstrution of Convex PolyominoThe Problem
Given two vetors

H = (h1, h2, . . . , hm) ∈ {1, . . . , n}m

V = (v1, v2, . . . , vn) ∈ {1, . . . ,m}n

deide whether there is at least one onvex polyominowhose horizontal projetion is desribed by H and whosevertial projetion is desribed by V.
Neessary ondition

m
∑

i=1

hi =
n

∑

j=1

vj
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Maiej G�bala The Reonstrution of Convex PolyominoThe Algorithm
1) Choosing a initial position of some 1's.2) Performing a �lling proedure.

• Barui, Del Lungo, Nivat, Pinzani (1996)The �lling proedure that osts O(n2m2) starts for
O(n2m2) initial positions (all possible positions of 1'son four edges of matrix).Global ost: O(n4m4)

• Our resultThe �lling proedure that osts O(nm log nm) startsfor O(min(n, m)2) initial positions (positions of 1's inthe �rst and the last row and on the enter of matrix).Global ost: O(min(n, m)2 · nm log nm)
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Maiej G�bala The Reonstrution of Convex PolyominoSome Properties
• Let vi < m for i ∈ {1, . . . , n}.
• Let 1's in the �rst row be on the left of 1's in the last row.

Nuj−1 ⊂ Wj−1 ⊂ Ndj

1 n1 n2 j n

1

uj

dj

m

Nuj−1

Wj−1 Ndj

s1 s2

uj−1
∑

k=1

hk <

j−1
∑

k=1

vk <

dj
∑

k=1

vk

Universitas Wratislaviensis 6



Maiej G�bala The Reonstrution of Convex PolyominoInitial Positions
• Choose positions of 1's in the �rst and the last row.
• Estimate positions of 1's in the olumns between theolumns ontaining 1's from the �rst or the last row.Put 1's between Uj and Dj.

Dj = min{i ∈ [1..m − 1] :

i
∑

k=1

hk >

j
∑

k=1

vk},

Uj = max{i ∈ [2..m] :
i−1
∑

k=1

hk <

j−1
∑

k=1

vk}.

• Properties
Uj ≤ Dj

Uj+1 ≤ Dj + 1
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Maiej G�bala The Reonstrution of Convex PolyominoThe Filling Proedure
Alternating rows and olumns perform operations
⊕,⊖,⊗,⊙ until a �xed point is reahed.

0 0 1 1 1 1 00 0 1 1 1 1 1 1 00 0 0 0 1 1 1 1 1 1 0 0
h0 0 0 0 1 1 1 1 1 1 1 0 0

h0 0 0 0 1 1 1 1 1 1 1 0 0 0

Operation ⊕Operation ⊖Operation ⊗Operation ⊙

h = 10The number of 1'sConnet the set of 1'sConnet sets of 0'sExtend the set of 1'sExtend sets of 0's
After these operations the number of empty ells in a rowor a olumn is equal twie number of missing 1's.
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Maiej G�bala The Reonstrution of Convex PolyominoThe Result of Proedure
Proedure return
• Fail if there is no onvex polyomino with the �xed initialpositions, or
• A onvex polyomino whih satis�es projetion (H,V), or
• A onvex polyomino with empty yles (redution to2SAT problem)

a1

a2 a3

a4a5

a6b1

b2 b3

b4b5

b6

c1

c2 c3

c4c5

c6c7

c8 c9

c10c11

c12c13

c14 c15

c16c17

c18

0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 00 0 0 0 0 0 0 0 0 0 0 0 0 00 0 0 0 0 0 0 0 00 0 0 0 0 0 0 00 0 0 0 0 0 00 0 0 0 0 00 0 0 0 00 0 0 00 0 0 0 0 00 0 0 0 0 0 0 00 0 0 0 0 0 0 0 0 00 0 0 0 0 0 0 0 0 0 0 0 00 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 00 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
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Universitas Wratislaviensis 9


