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The Polyomino

A one-color picture on the grid.

A matrix Ay, xn = |a;;] represents the polyomino.

S 1 if cell [i,j] belongs to the polyomino,
1 0 otherwise.
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The Convex Polyomino

The polyomino (represented by matrix A) is a convex
polyomino if

(p) the set of 1's in matrix A is connected, and

(h) the set of 1's in every row of A is connected, and

(v) the set of 1's in every column of A is connected.

If a polyomino satisfies only one or two of above properties
then the problem of reconstruction is in NP.

If a polyomino satisfies none or all of above properties then
the problem of reconstruction is in P.
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Projections

H is a horizontal projection of A

n

H(A)(i) =) ay; ie{l,...,m}

j=1
V is a vertical projection of A

m
V(A)(G) = ai jefl,...,n}
1=1
1 2 3 45 6 7 8 9 10 1112 13 14 15 16
1 1]1 2|
2 10111 4
3 1[1l1[1]1]1 6
4 [1l1]1]2]1]1]1]1 8
5 111122 ]1]1 9
6 1111211111 10|
7 11121 ]1l1]1]1 1] 12
8 1111121 ]1]1 1] 11
9 1(1f1]1]1]1]1 8
10 1111 4
11 1[1]1 3
12 1]1 2
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The Problem

Given two vectors

H = (hl,hg,...,hm) E{l,...,n}m
V= (v,v9,...,0,) €{1,....,m}"

decide whether there is at least one convex polyomino
whose horizontal projection is described by H and whose
vertical projection is described by V.

Necessary condition

3

2_hi=2 v
1=1

g=1

Universitas QWratislaviensis 4



Maciej Gebala The Reconstruction of Convex Polyomino

The Algorithm

1) Choosing a initial position of some 1's.

2) Performing a filling procedure.

e Barcucci, Del Lungo, Nivat, Pinzani (1996)
The filling procedure that costs O(n?m?) starts for
O(n?m?) initial positions (all possible positions of 1's
on four edges of matrix).

Global cost: O(n*m?)

e Our result
The filling procedure that costs O(nm lognm) starts
for O(min(n, m)?) initial positions (positions of 1's in
the first and the last row and on the center of matrix).

Global cost: O(min(n,m)? - nmlognm)
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Some Properties

o letv, <mforie{l,...,n}

® Let1'sinthefirst row be on the left of 1'sin the last row.

Nuj—l C Wj_l C Ndj

u7-—1
1 ny noy 7 n
1
dj
m

1 S2

uj—l

j—1 dj
Z hp, < Z’Uk; < Z’Uk;
k=1 k=1 k=1
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Initial Positions

e Choose positions of 1's in the first and the last row.

e Estimate positions of 1's in the columns between the

columns containing 1's from the first or the last row.
Put 1's between U; and D).

D; = min{i e [l.m —1] th>2vk}

U; = max{i € [2..m]: th<2’uk}

e Properties
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The Filling Procedure

Alternating rows and columns perform operations
P, 6, ®,® until a fixed point is reached.

h =10

Th ber of 1’
© numbEr ot e Lof [ Jof [ Jaf Jafaf Jap [ [ | [ Jof |
Operation &
Connect the set of 1's

Lof [ ol [ [ Jafajafajafaj | | | [ Jof |
Operation ©
Connect sets of 0's

Lofojojof | | fafajufafajaf [ | | | Jojo]
Operation ®
Extend the set of 1's

Lofojojof | | fafajufafajafaf | | | JojoO]
Operation ©®
Extend sets of 0's

Lofojojof | | fafajafajajafaf | | fojojo]

After these operations the number of empty cells in a row
or a column is equal twice number of missing 1's.
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The Result of Procedure

Procedure return

e Fail if there is no convex polyomino with the fixed initial
positions, or

e A convex polyomino which satisfies projection (H,V), or

e A convex polyomino with empty cycles (reduction to
2SAT problem)

c 0 o 0 0 0j1 1{0 0 0 0 O O O O O O O O O
0 0 0 0 Ofel|1 1l 0O O O O O O O O O O O O
0 0 Ofeld3fc7l1 1 1 1l2)lc6(0 0 0 0 0 O 0 O O O
Olalibl| 1 1 1 1 1 lla6{d6| 0 0 O O O O O 0 O
1 11111111111 1,0 0 OO OO O O
1 1111111111111 1{0 0 O O O O
0la2(b2 141 1 1 1 1 1 1 1 1 1 1]a3|b3|cl5/0 0 0
0 0 0 Ofe8]c271 1 1 1 1 1 1 1 1 1 1 1|c9|c3]| 0
co 0 o0o0 0027211111111 11111:1
co 0 o o0 6000111111111 11111
co 0 o0 000 O0f1.2111 111 11 111
0 0 0 0 0 0 0 Ofl7ellljecd5f1 1 1 1 1 1|l6jclOfcd]| O
0 0 000 0 0 0 0 O|ad|bb|1 1 1)a4|b4])0 0 0 O
c 0 0o 0 060 0 0 O0OOOTO1T 1 10 0 0 00O
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