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Abstract. The reconstruction of discrete two- or three-dimensional sets
from their orthogonal projections is one of the central problems in the
areas of medical diagnostics, computer-aided tomography, and pattern
recognition. In this paper we will give a polynomial algorithm for recon-
struction of some class of convex three-dimensional polyominoes that has
time complexity O(n” logn).

1 Introduction

A unit cube is a cube of volume one, whose centre belongs to Z> and whose
vertices belong to the lattice (Z + 1/2)3. We do not distinguish between a unit
cube and its centre, thus (z,y,2) denotes the unit cube of centre (z,y,z). A
three-dimensional polyomino is a finite connected union of unit cubes. In this
paper we consider polyominoes contained in a finite lattice {1,...,n}?. The
lattice with a polyomino corresponds to the three-dimensional binary matrix R,
when the 1’s correspond to filling positions in the lattice, and 0’s correspond to
empty positions.

The slices are two-dimensional sections of the matrix . We define the sli-
ces S, Sy and SE by S&[j, k] = R[i,j,k], S{[i,k] = Rli,j, k] and Sk[i,j] =
R[i, j, k], respectively, for i, j,k € {1,...,n}.

~The bars are one-dimensional sections of the matrix R. We define the bars
B%* BL* and By by B%M[i] = Rli,j, k], Bi*[j] = Rli,j, k] and B [k] =
RJ[i, j, k], respectively, for i,j,k € {1,...,n}.

For a polyomino P in the matrix R we define three two-dimensional matrices
of orthogonal projections (i.e. the number of 1’s in each bar of matrix R): Pr,
Pr and Ps by

PT(P)[Za]]:ZR[Za]vk]v PF(P)[Z,k]:ZR[Z,j,k],
k=1 j=1

PS(P)[.]a k] = ZR[Zv.]a k],

fori,j, ke {1,...,n}.
* Supported by the KBN grant No. 7 T11C 03220


http://www.im.pwr.wroc.pl/
http://www.pwr.wroc.pl
mailto:ki.pwr.edu.pl/gebala/

.11 AN N W L .

AN
NSNS S S\ P
NN N——-. T

EHENENNEE
NN ENE
3] 13¢] ICY ICY 1] 1CY
wofno|nofcoleaf o
| [ho|es|esfeo|es
] ['C] IC] N 13C] /S P
[ O] 1S4 1O 130 S 1Y

i Ps Py

Ps | Pr

ol|o|ofafme]w|—=|~
SEENNNEN
o [eofrafm]m]e
I IR LS
NEEINEEE
NNSNMEEE
nMlofwlv|olo|o|3
NEENEEREERE
NNNNEEE
NEENEERE
I IR LS
SEENNNE
o|ofesfm[ro]a |
olo|o|a|m|e|—]3

a) 1 i n n b) n

Fig. 1. a) three-dimensional matrix R and adequate matrices of orthogonal pro-
jections; b) example of full convex 3D polyomino with the matrices of orthogonal
projections

Definition 1. The three-dimensional polyomino P in the matriz R is a full
convez polyomino if each slice of R contains a two-dimensional hv-convex poly-
omino (i.e. connected set of 1’s with the property that in every row and every
column of the slice the 1’s forms a connected block) and at least one matriz of
projections does not contain zeros (is full).

We consider that always Pr is a full matrix. Thus each bar ng contains at
least one 1.

We can now define the problem of reconstructing a full convex 3D polyomino
P from its orthogonal projections: Given three assigned matrices

Pre{0,...,n}"*" Pse{0,...,n}"*" and Pr e {1,...,n}"*",

we examine whether there exists at least one matrix R € {0,1}™*"*" with a full
convex polyomino P such that Py (P) = Pr, Pr(P) = Pp and Ps(P) = Ps.

1.1 Previous Results

The reconstruction of polyominoes from orthogonal projections is one of classical
problems of discrete tomography and has been an intensive study for some years.
But all the results concern the two-dimensional case.

First Ryser [8], and subsequently Chang [2] and Wang [9] studied the exi-
stence of a pattern satisfying orthogonal projections (H, V') in the class of sets
without any conditions. They showed that the decision problem can be solved
in time O(mn). These authors also developed some algorithms that reconstruct
the pattern from (H,V).

Woeginger [10] proved that the reconstruction problem in the class of po-
lyominoes is an NP-complete problem. Barcucci, Del Lungo, Nivat, Pinzani [1]



showed that the reconstruction problem is also NP-complete in the class of h-
convex polyominoes and in the class v-convex polyominoes.

The first algorithm that establishes the existence of an hv-convex polyo-
mino satisfying a pair of assigned vectors (H, V) in polynomial time was descri-
bed by Barcucci et al. in [1]. Its time complexity is O(mn?) and it is rather
slow. Gegbala [5] showed the faster version of this algorithm with complexity
O(min(m?,n?) - mnlogmn). The latest algorithm described by Chrobak and
Diirr in [3] reconstructs the hv-convex polyomino from orthogonal projection in
time O(min(m?,n?) - mn).

Moreover Gegbala in [6] shows that the problem of the reconstruction two-
dimensional polyominoes from approximately orthogonal projections is NP-com-
plete in the classes of (1) polyominoes, (2) horizontal convex polyominoes and (3)
vertical convex polyominoes. And proves that, for an arbitrary chosen function
of error, the problem is in P for the class of hv-convex polyominoes and shows
the algorithm with complexity O(m>n?).

For three-dimensional case only one result was known. A general problem of
the reconstruction of three-dimensional lattice sets from orthogonal projections
is NP-complete [7,4].

1.2 Our Results

In this paper we show a polynomial algorithm for the reconstruction of full
convex 3D polyominoes with complexity O(n” logn). In this reconstruction we
use some properties of 2D convex polyominoes described in [5].

2 Some Properties of 2D hv-Convex Polyominoes

Let @ be a matrix which has n x n cells containing 0’s and 1’s. Let S be a
set of cells containing 1’s which represents an hv-convex 2D polyomino. Let h;
denotes the projection of i-th row and v; denotes the projection of j-th column.

Moreover let \ i
szzhi and Vk:Z’Uj,
i=1 j=1

forke{l,...,n},and Hy=0,Vy=0and A= H, =V,.

Definition 2. For all j € {1,...,n} we define
Dj\‘:min{ie{l,...,m—l}:A—Hi<A—‘/} V. i=m},
UM=max{i€{2,...,m} : H1<V;y V i=1}

DY =min{ie{l,...om-1} : A—H;<Vj_y V i=m}
U =max{i€{2,....m} : HL1<A-V; Vv i=1}

Lemma 1 ([5]). For all j € {1,...,n} we have Uj\‘ < Dj\‘ and UJ‘./ < D‘j/.

And for all j € {1,...,n—1} wehcweDj\‘—FlZUj}‘rl cmdD;{rl—}—le]‘-/. O
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Fig. 2. Properties of 2D hv-convex polyomino

Lemma 2 ([5]). Let cells [1,p1] and [n,p2] belong to the polyomino S in the
matriz QQ, for the fized p1 and ps. Then

1. if p1 < pa then cells [1,p1],...,[Dy*, p1], and [Uj\‘ ily-- - [D*, 4] for j €

p1? J
{p1+1,...,p2—1}, and [Ulg‘,pQ], ..oy [n,p2] also belong to the polyomino S,
or
2. if pr > pa then cells [UY,ps), ..., [n,po], and [U]‘/ il [Dj/,j] for j €
{p2+1,...,p1 — 1}, and [D}ﬁ,pﬂ, ..y [1,p1] also belong to the polyomino
S. O

Corollary 1 ([5]). If we have at least one cell which belongs to S in the first
and the last row of the matrixz ) then we can compute at least one cell which
belongs to S in each row of the matriz Q. These computations cost O(n). O

We can change symmetrically the word row by the word column in above
lemmas and they still hold.

3 Algorithm of Reconstruction

In this section we describe a polynomial algorithm for the reconstruction of full
convex 3D polyominoes. The main idea of the algorithm is to test all possible
positions of 1’s in four corner bars By', By", By" and BY". If we fix any initial
positions in corner bars we will use Lemma 2 for computing positions at least
one 1 in each bar B}’. If we have at least one 1 in each bar B’ we will start
filling procedure that return the polyomino or the word fail, when a polyomino

with these initial positions does not exist.



3.1 Initial Positions

We arbitrary fix the positions of 1’s in corner bars B!, By", B¥" and B%". We
call these positions by the initial positions. Now we consider two slices S% and
S%. Both will contain, by Definition 1, a two-dimensional hv-convex polyomino.
Both contain in the first and the last column at least one 1. Thus from Corollary
1 we can compute positions of 1’s in each column of these slices, i.e. in each bar
Blz’l and B%", fori € {1,...,n}.

Now we consider all slices S{/, for j € {1,...,n}. Each slice S{, contain now
at least one 1 in the first and the last column. We can use again Corollary 1 for
each slice. Thus we have at least one 1 in each column of each slice Sy,. In other
words we have at least one 1 in each bar B’.Z’j7 fori,j € {1,...,n}.

The set of positions computed above we denote by the start positions. It is
easy to see that the following lemma is correct

Lemma 3. If there exists the full convexr 3D polyomino P that satisfies matrices
of projections Pr, Ps and Pr, and if the initial positions belong to the polyomino
P then all of the start positions also belong to P. O

Lemma 4. Computing the start positions costs O(n?).

Proof. We perform n + 2 times Corollary 1. Thus the cost is equal to O(n?). O

3.2 Filling Procedure

The procedure described below is three-dimensional modifications of the filling
procedure described in [5].
We use balanced binary trees (like e.g. AVL) with following operations:

empty(tree) - returning true if tree is empty and false otherwise, with the com-
plexity O(1);

delete(k,tree) - deleting element k from tree, with the complexity O(log |tree]);

insert(k,tree) - inserting element k in tree where k € tree; or doing nothing
otherwise, with the complexity O(log |tree|);

min(tree) - returning a minimal element of tree, with complexity O(log |tree|);

max(tree) - returning a maximal element of tree, with complexity O(log |tree]);

where |tree| means the size of tree.

We have three global variables treex, treey and treey which are balanced
binary trees. In these trees we will store the indices of bars, which we will review
in the next step of the main loop of our procedure.

For each bar we define the following auxiliary variables: [, r, p, g, [,7 p,qand
freeg. The variable [ is a minimal position containing 1, 7 is a maximal position
containing 1, p is a minimal position without 0 and ¢ is a maximal position
without 0. The variables l~, 7, p and ¢ are the temporary values of [, r, p and
q, respectively. The variable freey is a balanced tree containing positions of 0’s
which are between § and §. We initialise these variables as follow: [ =] =n +1,



r=7=0,p=p=1,q¢g= ¢ =n and freeg = nil, where nil means an empty
tree.
Now we can introduce two auxiliary operations putting 1 and 0 in a bar:

put 0 in bar BY* at the position i ([i, j, k]):

if R[i,j, k] =1 then exit( fail )

if R[i,j, k] # 0 then
R[i, j, k] < 0, insert((i, k),treey), insert((s,j),treez)
modify0 bar B;k at the position j with the matrix Pr
modify0 bar ng at the position k with the matrix Pr

put 1 in bar BY* at the position i ([i, j, k]):

if R[i,j, k] =0 then exit( fail )

if R[i,j,k] #1 then
R[i,j, k] + 1, insert((i,k),treey), insert((s,j),treez)
modifyl bar B;}k at the position j with the matrix Pr
modifyl bar ng at the position k with the matrix Pr

Where suboperations modify0 and modifyl are defined consecutively by

modify0 bar B’* at the position i with the matrix P:
with B* do
if r > then
if i<l and i>p then pi+1
if ¢>7r and ¢+ < § then g+ 1—1
else
if i <p+ P[j,k] and i > p then
p+i+1
while not empty (freep) and (m <min(freeq))< p + P[j, k] do
delete(m ,freeg), p+ m+1
if ¢ > §— P[j, k] and ¢ < g then
g+1i1—1
while not empty(freeq) and (m <max(freeo))> ¢ — P[j, k] do
delete (m ,freeg), § < m—1
if p+ P[j,k] <i < §— P[j,k] then insert(i,freeo)

modifyl bar B/* at the position ¢ with the matrix P:
with B"* do
if r < then
lrlFi
if p<i—P[j,k]+1 then p<i— P[j,k]+1
if §<i+ P[j,k]—1 then G« i+ P[j,k] -1
while not empty(freeg) do
m <min(freeg), delete(m,freeq)
if m<+t¢ and m+1>p then p+<n+1
if m>4¢ and m—1<q then g n—1

else
if i<l then [+ ¢
if ¢+ > 7 then 7+ 1



h =10 - the value of the projection for the bar
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Fig. 3. Operations ¢, ©, ® and ® in the bar

The operations described above retain in memory the indices of bars, that are
modified when we put a new symbol and modify adequate auxiliary variables.
Now we define operations putting new symbols in the bar (see Fig. 3):

operation & in bar ngk:
with BY" do
if 1 <1 then
for i< 1 to l—1 do put 1 in bar B;&k at the position ¢
11
if 7 > r then
for i< r+1 to 7 do put 1 in bar Bg(’k at the position 4
T

The operation @ fills empty cells between 1’s and integrates the block of 1’s in
the bar.

operation © in bar Bﬁ;k:
with BL" do
if p <p then
for i< p to p—1 do put O in bar Bg(’k at the position 4
pp
if ¢ > g then
for i< q¢+1 to ¢ do put 0 in bar Bg(’k at the position ¢
q<q

The operation & integrates the two final blocks of 0’s in the bar.

operation ® in bar ngk:
with BY" do
if I >r and p+ Ps[j,k] —1>q— Ps[j,k] +1 then
1 q—Pslj,k]+1, r 7 p+Ps[j, k] —1
for i<l to r do put 1 in bar Bg‘lk at the position 4
if I <r and q— Ps[j,k]+1 < then
for i+ q— Ps[j,k]+1 to l—1 do put 1 in bar Bg(’k at the position 4




l— 14+ q—Ps[j,k]+1

if [ <r and p+ Ps[j,k] —1 > r then
for i< r+1 to p+ Ps[j,k] —1 do put 1 in bar Bg(’k at the position %
T4 T4 p+ Ps[j,k] -1

The operation ® expands the block of 1’s if the area without 0’s is adequately
Narrow.

operation © in bar Bg&k:
with B%" do
if [ <r and p <r — Ps[j,k] then
for i+ p to r — Ps[j,k] do put O in bar ngk at the position 4
p+ p+r—Ps[j,k]+1
if [ <r and ¢ > 1+ Ps[j, k] then
for i+ |+ Ps[j,k] to ¢ do put O in bar ngk at the position 4
q« G+« 1+ Ps[j,k]—1

The operation ® expands the two final blocks of 0’s if the block of 1’s is adequ-
ately wide in the bar.

It is obvious that we define these operations for bars By and Bz analogously.

Moreover if the bar contains 1’s then it has five following blocks of cells: the
block of 0’s, the block of empty cells, the block of 1’s, the block of empty cells
and the block of 0’s. The size of each block of empty cells is equal to the number
of the deficient 1’s. Each bar containing 1’s has this property after operations
@, 6, ® and ©.

The main loop of filling procedure has the following form now:

repeat
while not empty(treex) do
(j, k) < min(treex), delete((j,k),treex)
perform operations &,S,®,® in bar Bg&k
while not empty (treey) do
(i, k) < min(treey), delete((i,k),treey)
perform operations &,S,®,® in bar B;l,’k
while not empty(treez) do
(,7) < min(treez), delete((i,j),treez)
perform operations &,6,®,® in bar C;j
until empty (treex) and empty (treey) and empty (treez)
if there exist empty cells in the matrix R then
build and solve the adequate 2SAT formula

When we compute the start positions we put neither 0 nor 1 in the matrix R.
We only modify variables p and § in bars Bz and put the indices of these bars
in treez. Operations © and ® put these symbols in the first step of the loop.

3.3 Correctness and Complexity

Lemma 5. If we have at least one 1 in each bar Bz then the filling procedure
works correctly.



Proof. When we start the filling procedure we have in each bar By at least one
1, thus the number of empty cells in the matrix R will be equal to the double
number of the deficient 1’s. And these properties occur in the whole time of the
procedure work.

If the filling procedure returns fail, we know that a convex 3D polyomino
which has projections Pr, Ps and Pr and the fixed initial positions does not
exist.

Otherwise, if trees treex, treey and treez are empty, we have two different
cases:
case 1: Each cell of the matrix R contains 0 or 1. We have the solution. The set
P of 1’s is a full convex 3D polyomino and satisfies matrices of projections.
case 2: The matrix R contains empty cells. Its number is equal to the double
number of the deficient 1’s. In each bar we have two blocks of empty cells such
as the length of the block is equal to the number of the deficient 1’s in this bar
(it follows the properties of operations @, ©, ® and ®). We group these empty
cells into labelling cycles.

If we have an empty cell we label it by, for example, x. This cell has exactly
three empty neighbour cells in the cycle, one in each bar Bx or By or By
containing this cell. These cells are in other block of empty cells and have the
same positions in blocks in the same bar. We label these cells by negation of z
(Z). And we repeat this step for these cells until we cannot find a new cell for
labelling in this way. We create a three-dimensional cycle in the matrix R which
cells are labelled by x and Z alternately and each cell has three neighbours in
the cycle.

We create cycles as long as we have empty cells in matrix R. Each cycle we
label by a different letter. Cells in the cycles are valued alternately by 0 and 1
(true and false). But some cycles are valued dependently. Thus we build a 2SAT
formula. If in some bar we have two successive cells, labelled by, for example,
z and y, we add to the formula the implication x — y if y is between z and
the block of 1’s, or implication 4y — = otherwise. If the bar does not contain the
block of 1’s we create cycle of implications for each block of empty cells in this
way that variables in the block have the same value.

This 2SAT formula has the size at most O(n?) and can be solved in the linear
time. Thus if the 2SAT formula is satisfiable then there exists an adequate full
convex 3D polyomino that satisfies matrices of projections. O

Lemma 6. The filling procedure costs at most O(n®logn).

Proof. We estimate the complexity of the main loop of the filling procedure. In
each position [i, j, k] we perform operation put only three times (one operation
in each bar containing this position). Moreover, when we do operations &, ©, ®
and ® in the bar in our algorithm, we execute at least one put operation. Hence,
we review only O(n?) bars and the review of one bar costs O(logn)+[cost of the
put operations|. Therefore, the global cost of the main loop of the procedure is
O(n?logn)+][cost of all put operations].

Now we estimate the global cost of all put operations. In the fixed bar when
we perform put operations we execute at most n insert operations in an adequate



tree. It costs O(nlogn). Since the insert operations in freeg in the bar we have
done no more than one time for each position. There are no more than n delete
operations, either. We execute the functions min and max only while modifying
p or ¢. Hence, the number of these operations is at most n. All operations in the
tree freeg cost at most O(nlogn). For all 3n? bars the cost is equal to O(n?logn).

The complexity of all residual operations is at most O(n?). Hence, the cost
of the filling procedure is O(n?logn). O

Theorem 1. The problem of the reconstruction of full convex 3D polyominoes
from orthogonal projections has the complexity O(n” logn).

Proof. The number of all different initial positions is equal to n* and the cost
of the reconstruction for fixed initial position is equal to O(n?logn). Thus the
cost of testing all possible initial positions is equal to O(n" logn). O

4 Conclusion

In this paper, we have studied the reconstruction of three-dimensional convex
polyominoes from their orthogonal projection. We have designed the polynomial-
time algorithm for the reconstruction of some wide class of the 3D polyominoes
called full convex. Yet some complexity problems are still unsolved: are the gene-
ral reconstruction problem for convex three-dimensional polyominoes polynomial
or NP-complete?
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